We show that the p-power maps in the first Hochschild cohomology space of finite-dimensional selfinjective algebras over a field of prime characteristic p commute with stable equivalences of Morita type on the subgroup of classes represented by integrable derivations. We show, by giving an example, that the p-power maps do not necessarily commute with arbitrary transfer maps in the Hochschild cohomology of symmetric algebras.
Introduction
Let k be a field of prime characteristic p. For symmetric k-algebras, it is shown in [5] that the Gerstenhaber bracket in Hochschild cohomology commutes with the transfer maps introduced in [7] . Zimmermann proved in [10] that the ppower map on (the positive part of) Hochschild cohomology commutes with derived equivalences. We show in this paper that the p-power map, restricted to the classes of integrable derivations, commutes with stable equivalences of Morita type between finite-dimensional selfinjective algebras. We also show, by giving an example, that p-power maps need not commute with arbitrary transfer maps in the Hochschild cohomology of symmetric algebras. To state our main result, we use the following notation: let A be a finite-dimensional selfinjective k-algebra. For r a positive integer, we denote by Aut r (A[ In Section 2, we recall some basic results. In Section 3 we prove the main results concerning r-integrable derivation that allow us to prove in Section 4 the Theorem 1.1. In the last section we provide an example of when the p-power map does not commute with a transfer map between the Hochschild cohomology of two symmetric algebras.
Background
Let A be a finite-dimensional algebra over k. For any integer n ≥ 0 and any 
for all n ≥ 0 and r > 0. The following is well known:
Lemma 2.1. Let A be a finite-dimensional algebra over k and let A[[t]] be the formal power series with coefficients in A. Then the multiplication in
Proof. The isomorphism sends i≥0 λ i t i ⊗ a to i≥0 λ i at i where λ i ∈ k and a ∈ A. In order to show that this is an isomorphism, we construct its inverse as follows: let i≥0 a i t i ∈ A[[t]] and let {e j } 1≤j≤n be a k-basis of A. Write a i = n j=1 µ ij e j for every non-negative integer i where µ ij ∈ k. The inverse map sends i≥0 a i t i to n j=1
Corollary 2.2. Let A be a finite-dimensional algebra over k and let r be a positive integer. Then the canonical map
Let n be an integer. We recall that if
is a short exact sequence of cochain complexes with differentials δ, ǫ, ζ respectively, then this induces a long exact sequence
depending functorially on the short exact sequence, where d n is called the connecting homomorphism which is obtained in the following way:
Hence ǫ(y) ∈ ker(σ n+1 ) = Im(τ n+1 ). Thus the is an x ∈ X n+1 such that τ n+1 (x) = ǫ n (y). It is easy to check that x ∈ Ker(δ n+1 ) and the classx = x + Im(δ n ) ∈ H n+1 (X) depends only in the classz of z in H n (Z). The connecting homomorphism sendsz tox.
For the next two sections all the tensor products are over k unless otherwise specified.
3 Integrable derivations of degree r 
For a fixed positive integer r we denote by Aut r (A[[t]]) the group of all k[[t]]-algebra automorphism of A[[t]] which the induce the identity on A[[t]]/t r A[[t]]. Clearly we have an inclusion Aut
. Let α be a representative of an element in the kernel of ψ. Then ψ(α) is given by conjugation with an invertible element Slightly extending Matsumura [8] we have the following terminology:
Definition 3.3. Let A be a finite-dimensional k-algebra and let r be a positive integer. A derivation D ∈ Der(A) is called r -integrable if there exists a higher
We denote by Der r (A) the set of r-integrable derivations of A and by Inn r (A) the set of r-integrable which are inner.
It is easy to check that these are abelian groups, using Proposition 3.4.
Note that for r = 1 we have the usual notion of integrable derivation that is integrable derivations are 1-integrable. We recall from [8, 1.5]:
Proposition 3.4. The set of higher derivation is a group with the product defined on (4). In particular if we let
. Then the following hold:
induced by µ is a derivation. In addition if α is an inner automorphism, thenμ = [d, −] for somed ∈ A; that isμ is a inner derivation.
(b) The class ofμ ∈ HH 1 (A) depends only on the class of
henceμ is a derivation on A. Now suppose that α is an inner automorphism induced by conjugation by an 
[[t]] and such that D is equal to the mapμ induced by µ on
Proposition 3.6. Let A be a finite-dimensional k-algebra and let
The map that sends α to i≥0 D i t i induces a group homomorphism φ :
µ ij (a)e j where a ∈ A. On one side we have:
where the third equation holds since β is an automorphism over k [[t] ]. If we fix a degree m ∈ N we have
m . This is clearly equal to the coefficient at t m of φ(β)φ(α).
Definition 3.7. Let A be a finite-dimensional k-algebra. Let r be a positive integer then by HH 
, which gives the equality µ(a) = tµ ′ (a). Consequently we have that µ induces the zero map on A. A way to understand the action of the p-power map on the integrable derivations is by studying it on Aut 1 (A[[t]]) and then using the homomorphism φ :
Proposition 3.9. Let D be a higher derivation and let l, n be positive integers.
Let c be a positive integer. Then for each c-tuple (i 
Now we know that each D i is zero for i = 1, . . . , r − 1 so in order to have an element different from zero we should impose that each i j be at least r. Therefore the sum i 1 + · · · + i p = rp that is l = rp hence the first non-zero coefficient is D p r . Consequently the diagram commutes. 
A cohomological interpretation of r-integrable derivations
and this map sends IdÂ /t rÂ to the class of the derivation induced by µ on A.
Proof. We take as a projective resolution the bar resolution P ofÂ where the tensor products are over
. . .Â⊗n+2Â⊗n+1 . . . δ n which is given by δ n (a 0 ⊗· · ·⊗a n+1 ) = n i=0 (−1) i a 0 ⊗· · ·⊗a i a i+1 ⊗· · ·⊗a n+1 . The last non-zero differential is the map δ 1 :Â ⊗3 →Â ⊗2 which sends a ⊗ b ⊗ c to ab ⊗ c − a ⊗ bc for a, b, c ∈Â. We have the following identifications:
The identity map in EndÂ e (Â/t rÂ ) corresponds to the homomorphism
. This lifts to anÂ e -homomorphism
for a, b ∈Â since α induces the identity onÂ/t rÂ . Sinceζ ∈ HomÂ(Â ⊗Â, (Â/t r+1Â ) α ) we need to apply the first non-zero differential
which is given by composing with −δ 1 . Hence inÂ/t r+1Â we have:
for all a, b, c ∈Â. We observe that t r aµ(b)α(c) + t r+1Â ∈Â/t r+1Â is the image, under t r :Â/tÂ → (Â/t r+1Â ) α , of the map ψ :Â ⊗3 →Â/tÂ, that is we have the following commutative diagram:
where ψ sends a ⊗ b ⊗ c to aµ(b)α(c) + tÂ which is equal to aµ(b)c + tÂ since α(c) − c ∈ t rÂ ⊆ tÂ. Consequently ψ induces a mapψ :Â ⊗3 → A which sends a ⊗b ⊗c toāμ(b)c that can be restricted to the mapψ : A → A that sendsb to µ(b). Using (1) the result follows. 
We can note now that tr M (f [3] 0 ) = 0 since f [3] 0 = 0, so tr M (f [3] 0 )(132) = 0. On the other hand tr M (f 0 ) [3] ( (132) Remark 6.1. This shows that the p-power map cannot be expressed in terms of the BV -operator, as this is invariant under transfer maps, by [5, 10.7] .
